Abstract -We study the slow crossing of non-equilibrium quantum phase transitions in periodically-driven systems. We explicitly consider a spin chain with a uniform time-dependent magnetic field and focus on the Floquet state that is adiabatically connected to the ground state of the static model. We find that this Floquet ground state undergoes a series of quantum phase transitions characterized by a non-trivial topology. To dynamically probe these transitions, we propose to start with a large driving frequency and slowly decrease it as a function of time. Combining analytical and numerical methods, we uncover a Kibble-Zurek scaling that persists in the presence of moderate interactions. This scaling can be used to experimentally demonstrate non-equilibrium transitions that cannot be otherwise observed.
Recent experiments on artificial quantum many-body systems demonstrated quantum-coherent evolution under various external perturbations [1, [1] [2] [3] [4] and triggered the study of fundamental aspects of quantum non-equilibrium physics. One important direction is the quest for universal properties in the dynamics [4] [5] [6] [7] [8] [9] [10] [11] . A universal non-equilibrium behaviour can originate from the universality of an underlying equilibrium problem [5, 6] : A well known example is offered by the Kibble-Zurek (K-Z) scaling observed when crossing a quantum phase transition [4, 7, [12] [13] [14] . In addition, recent studies found evidence of genuine non-equilibrium universality following a quantum quench [8] [9] [10] [11] , or in presence of a timedependent noise [15, 16] . Another important direction is the exploration of the conditions for an asymptotic steady state [4, . In the context of quantum quenches, it was found that systems with a continuous spectrum generically relax to a diagonal ensemble [37, 38] . Current investigations focus on understanding when this asymptotic condition is thermal (ergodic dynamics) and when it is not (regular dynamics) [20, 21, [23] [24] [25] 39] . The transition from regular to ergodic dynamics is connected to the emergence of quantum chaos [41] [42] [43] and to the many-body localization/delocalization transition [24, 25, 39, [44] [45] [46] [47] [48] . These studies are deeply related to the main problem of statistical mechanics: how microscopic quantum coherent dynamics can induce macroscopic thermalization [20, 39, 49, 50] .
In this work we address the universal scaling and the absence of thermalization in periodically-driven many-body systems . We focus on Floquet states, the eigenstates of the periodically driven dynamics. We specifically address a Floquet state which shows many properties analogous to the ground state in the static system: we term "Floquet ground state" (FGS). We emphasize that -opposite to the GS of a static Hamiltonian -the FGS depends on time in a periodic fashion (up to a phase factor) and, in general, cannot be found as the minimum-energy eigenstate of any Hamiltonian. Nevertheless it shows many properties similar to the GS of a static Hamiltonian. First of all, it shows an area-law entanglement entropy, in contrast to thermal steady states whose entanglement grows as a volume law [56] . Furthermore, the FGS can undergo second-order quantum phase transitions. In the case of an integrable spin-chain model, we show that these transitions are associated with the closing of a Floquet gap and separate non-equilibrium phases with distinct topology. Next, we discuss how to dynamically probe such transitions: in contrast to the static case, the Floquet ground state in general cannot be found either numerically or experimentally at an extremum of the spectrum of some Hamiltonian. We propose to reach the FGS by initially preparing the system at high frequency in the ground state of the time-averaged Hamiltonian -which in the high frequency limit coincides with the FGS -and then slowly decreasing the driving frequency. In this way we can adiabatically follow the FGS, until a non-equilibrium transition is crossed. As we discuss in detail, this is possible thanks to the Floquet adiabatic theorem [79] [80] [81] and the fact that the FGS is the adiabatic continuation at finite frequency of the GS of the time-averaged Hamiltonian taken in the high frequency limit. We discover that the crossing of the non-equilibrium transition is marked by a Kibble-Zurek scaling of physical observables (we define this phenomenon "Floquet Kibble-Zurek"), which can be used to determine the position and critical exponents of the transition.
Because the entanglement entropy remains small during the dynamical crossing of the transition, this process can be efficiently studied with the time-dependent DMRG algorithm. We find that the Floquet-Kibble-Zurek scaling persists even in the presence of moderate integrabilitybreaking terms. It is important to stress that, in spite of the slowness of the crossing, the Floquet adiabatic theorem does not directly apply. Due to the folding of the Floquet spectrum (described in detail later), interactions can in principle give rise to a large number of exponentially small gaps which will prevent the observation of the transition. The persistence of the non-equilibrium transition is probably connected with its topological nature, which prevents these gaps from opening. We conjecture that in the presence of larger interactions a strong mixing of the Floquet states is expected, leading to Floquet states obeying Eigenstate Thermalization [20, 49, 50, 62, 65, 67] .
Floquet theory [82] [83] [84] is the basis of our analysis. For any time-periodic Hamiltonian,Ĥ (t) =Ĥ (t + 2π/Ω) (here and in the following, Ω is the frequency and τ = 2π/Ω is the period), it is possible to find a complete basis of solutions of the Schrödinger equation (the Floquet states) which are periodic up to a phase |Ψ γ,Ω (t) = e −iμγ t |Φ γ,Ω (t) . The many-body quasi-energiesμ γ are real, and the Floquet modes |Φ γ,Ω (t) are periodic. These states are analogous to the Bloch wave eigenfunctions of space-periodic Hamiltonians [84, 85] . Like the Bloch quasimomenta, the quasi-energies are not unique and are defined up to translations of an integer number of Ω [83] . In this way, the whole Floquet spectrum can be folded in any interval of length Ω which defines thereby a Brillouin zone. Like eigenenergies, the quasi-energies can become degenerate: two of them taken in the same Brillouin zone are degenerate (or in resonance) if they coincide or if they differ by Ω. Each degeneracy in the Floquet spectrum corresponds to a many-photon resonance in the system [83] . Floquet modes at time 1 0 ≤ t ≤ τ and quasienergies can be extracted diagonalizing the evolution operator over one periodÛ (t + τ, t): we haveÛ (t + τ, t) = exp −iĤ F,Ω (t)τ with the so-called "Floquet Hamilto-
where µ γ are conventionally taken in the first Brillouin zone [−Ω/2, Ω/2]. In this work the Floquet adiabatic theorem [79] [80] [81] plays a very important role. We prepare the driven system at time 0 in a Floquet state |Ψ γ (0) and we very slowly change (on a time scale t f ) some parameters R of the periodic driving (for instance, the frequency or the amplitude), starting from a value R(0). Floquet adiabatic theorem states that, if the parameters are changed in time slowly enough, the dynamics transports the system after a time t to a state Ψ γ, R(t) (t) , which is a Floquet state for the driving with the instantaneous parameters R(t). The Floquet state Ψ γ, R(t) (t) is defined as the adiabatic continuation of the initial Floquet state: we will explain below how to construct it in our case. In a close analogy to the standard adiabatic theorem, the Floquet adiabatic evolution is valid if t f is much larger than the inverse gap in the Floquet spectrum. So, if there is a time t * in the evolution and a quasi-energy µ β (t * ) such that
, the dynamics for t t * deviates from the adiabatic continuation. It is important that, at all times, t f is much larger than the instantaneous inverse frequency: in this way the driving can be considered locally periodic and the use of Floquet states is meaningful.
In our protocol, we start our evolution with a driving whose frequency Ω is very high. In this limit, the timeaveraged Hamiltonian coincides with the Floquet Hamiltonian [63] , its GS is therefore a legitimate Floquet state 2 . We take this state as the initial state of the dynamics: we slowly decrease the driving frequency and we follow its evolution. Thanks to the Floquet adiabatic theorem, the evolution will follow the adiabatic continuation of the initial state until the gap in the Floquet spectrum becomes too small. We give the definition of Floquet ground state (FGS) to this adiabatic continuation of the high-frequency ground state. We emphasize that, in general, the FGS is not the ground state of any Hamiltonian 3 . We stress again that the FGS is the adiabatic continuation at finite frequency of the GS of the high-frequency average Hamiltonian; that is why it inherits the word "ground". As we will show, it inherits also many interesting properties.
Before doing that, being this adiabatic continuation so important, we will give some notion concerning its formal construction. We fix the phase of the periodic motion θ ≡ t/τ ∈ [0, 2π], we take a Floquet mode 4 at frequency Ω |Φ γ, Ω (τ θ) and we give the prescription for its adiabatic continuation for an infinitesimal change of frequency. If we take a frequency infinitesimally smaller Ω − δΩ, the adiabatic continuation is the Floquet mode at the new frequency Φ η,Ω−δΩ τ 1 + ∆Ω Ω θ maximizing the over-
2 . "Integrating" this infinitesimal step from Ω = ∞ (where we initialize the state as the GS of the time-averaged Hamiltonian) to the desired value of Ω, and repeating for all the values of θ ∈ [0, 2π] we obtain the full time-dependence of the Floquet ground mode |Φ FGS Ω (t) (the Floquet ground state |Ψ FGS Ω (t) is obtained by multiplying the phase factor e −iµ FGS t , where µ FGS is the corresponding quasi-energy).
We are not able to do this adiabatic continuation in general, but only in the case of an integrable system where we have access to all the Floquet modes and quasi-energies.
In the integrable spin chain we explicitly discuss, we numerically iterate the elementary step, starting from the GS of the time-averaged Hamiltonian at a value of Ω very high compared to the spectral width of the elementary excitations. In this way we are going to show that, in analogy to the ground state of static systems, the FGS of a physical system can undergo (non-equilibrium) quantum phase transitions. We consider a homogeneous quantum Ising chain (see Ref. [86] [87] [88] for the experimental realization of this model with trapped atoms and ions):
Here, theσ
x,z j are spins (Pauli matrices) at site j of a chain of length L, the J is a longitudinal nearest neighbour coupling, the α a longitudinal next-nearestneighbour coupling and the h(t) a transverse field. We assume in all the paper J = 1 and start our analysis by considering α = 0. Although at this point the model is integrable, it describes many universal properties of 1d models with the same symmetry: as we will see, we propose that the same can happen for the properties of the FGS in the non-equilibrium case.
Through a Jordan-Wigner transformation [89] , H (0) (t) can be reduced to an integrable quadratic-fermion form. (see Refs. [6, 31, 32, 63, 64, 68, [89] [90] [91] for details). After a Fourier transform, the Hamiltonian can be decomposed in L/2 2 × 2 blocks of the formĤ 
are fermionic destruction operator) and the timedependent Schrödinger equation is solved by a BCS-like state |Ψ(t) = k>0 v k (t) + u k (t)ĉ † kĉ † −k |0 . We numerically calculate, for each k, the two single-particle Floquet modes [63, 64] 
* τ -periodic) and the quasi-energies (in the first Brillouin zone) ±µ k . It is important to notice that we can define a time-periodic creation operatorγ † be obtained from the other by adding two quasi-particle operators. Numerically applying the adiabatic continuation prescription, we find that, for this model, we can explicitly evaluate the FGS: its corresponding Floquet mode has the BCS-like form |Φ FGS (t) = k>0 φ − k (t) with quasi-energy µ FGS = − k>0 µ k . In this lucky case, |Φ FGS (t) coincides with the ground state of the instantaneous Floquet Hamiltonian taken in the first Brillouin zone.
This model shows a series of interesting Floquet resonances [6, 68] . They are discussed in detail in Ref. [6] , where it is shown that their positions depend only on the time-averaged value h 0 of the periodic drive h(t). They are associated to many-photon resonances and occur only at k = 0, π. The k = 0-resonances occur when 2 |h 0 − 1| = p Ω, the k = π-ones if 2 |h 0 + 1| = lΩ (p, l ∈ Z is the order of the resonance -see Refs. [6, 78] for more details).
In this work we find that the resonances actually mark a series of non-equilibrium quantum phase transitions where the properties of the FGS change. To see that, we compute S L/2 (FGS), the half-chain entanglement entropy of |Φ FGS (0) . We find that S L/2 (FGS) grows logarithmically with L at the resonance points while it remains constant elsewhere (see the inset of Fig. 1) ; the same happens at equilibrium for the ground-state quantum phase transition [93, 94] . Remarkably the quasi-energy is non-analytic at the resonance points: its second derivative with respect to Ω diverges (see Fig. 1 ). This means that at these points the Floquet Hamiltonian undergoes second order quantum phase transitions [13] . In order to simplify the numerical analysis, we obtain the results in Fig. 1 applying a However, we stress that the specific form of the driving does not affect the position in Ω of the resonances -which only depends on h 0 -and the nature of the nonanaliticities occurring there. In a future publication, we will discuss these transitions in the spin representation, showing that the different phases are characterized by a local or string order parameter [95] . Here, we focus on the fermionic representation, where the transitions are of topological nature. We consider the time-reversal invariant points t a = π/(2Ω) and t b = 3π/(2Ω) [96] , where the Floquet Hamiltonian falls in the Z symmetry class (see [97] ). The different phases are characterized by a Z topological invariant, the winding number w (see Ref. [98] and Fig. 1 ). The time-reversal invariant Floquet HamiltonianĤ (0) F,Ω (t a = π/(2Ω)) can be factorized in 2 × 2 blocks which can be represented as f y (k)σ y + f z (k)σ z (thanks to time-reversal invariance, there is no component along σ x ); defining f (k) ≡ f y (k) + if z (k), the winding number is defined as [98] 
. From a geometric perspective, w is the number of times the vector f y (k), f z (k) turns around the origin 0, 0 in counterclockwise sense, when k moves from −π to π. Interestingly, if we consider the FGS at t = t a , t b , timereversal symmetry is broken, the Floquet Hamiltonian falls in the Z 2 symmetry class [97] : the transitions are in the same points of the parameter space, but the phases are characterized by a different topological invariant, ν defined in [99] , which, in the sequence of different phases, is alternately 1 and -1. Therefore, the symmetries of the FGS and the topological invariant characterizing it are different according to the considered time t of the periodic driving. These transitions are reminiscent of those occurring in Floquet topological insulators [71] [72] [73] [74] and are a manifestation of a genuine many-body phenomenon: we will see that they persist in presence of interactions.
The linear crossing of one of these non-equilibrium transitions leads to the breaking of the adiabatic evolution (the gap in the Floquet spectrum closes at these points): this gives rise to a K-Z-scaling phenomenon which we define "Floquet Kibble-Zurek". In order to observe it, we apply to the system a time-dependent drive of the form h(t) = h 0 + A sign [sin(φ(t))] where we linearly ramp the instantaneous frequency,
We specifically choose Ω f below Ω c , but above the other transitions and Ω i quite larger than Ω c . Ω i is large enough that the ground state of the time-averaged Hamiltonian is a very good approximation for the FGS: we prepare the system in this ground state and we ramp it in a time t f to Ω f : We cross the first (l = 1) non-equilibrium transition at frequency Ω c . The adiabatic limit of this protocol is attained when t f → ∞, implying that t f is our adiabaticity parameter. Being t f 2π/Ω f , 2π/Ω i , we can approximate the driving as locally periodic, with a period which slowly changes from one cycle to the next, and apply Floquet adiabatic theorem. To make our analysis simpler, in our numerics we will focus on the times t n where the instantaneous phase of the locally periodic driving is 0: these times are given by φ(t n ) = 2πn.
We can see that, beyond the critical point Ω cwhere the gap in the Floquet spectrum closes, adiabaticity breaks down and fluctuations cannot adiabatically follow the FGS; this results in the creation of excitations whose density is defined as
The sum extends over the L/2 values of k allowed by the chosen periodic boundary conditions in the spins (antiperiodic in the fermions) [63] ; the creation operators and the state |Ψ(t) solution of the Schrödinger equation have been defined in the discussion above 5 . We show numerical results for n ex in Fig. 2 : we see a very clear K-Z scaling of the form n ex = t
. A similar scaling is obeyed by the energy difference with respect to the FGS. To observe these quantities it is however necessary to compare the dynamics with the FGS, which is generically not accessible in experiments and numerical methods like t-DMRG. In contrast, objects of experimental interest show at most a scaling along the Ω − Ω c axis. For instance, the derivative of the (doubled) transverse magnetization
shows very clear oscillations which obey a "partial" scaling law in t f . Indeed, the nodes of the oscillations overlap if the results for different t f are plotted vs (Ω − Ω c ) t
f , but the oscillation amplitudes do not show a clear scaling (see Fig. 3(a),(b) ).
To study the non-integrable case (α = 0 in Eq. (1)) we employ the openMPS package [100, 101] to directly compute the time evolution of the system. As in the integrable case, we initialize the system in the ground state of the time-averaged Hamiltonian. In contrast to the case of sudden quenches where the entanglement entropy and the truncation error rapidly grow in time, we find that for our protocol both quantities remain very small for long times (see SM of Ref. [92] for details). To observe the Floquet Kibble-Zurek scaling, we still plot ds x /dΩ as a function of the driving frequency Ω, for different values of the adiabatic parameter t f . As shown in Fig. 3 , each curve oscillates differently but the nodes of all the curves overlap if plotted versus (Ω − Ω c )t β f . The two fitting parameters Ω c and t f are chosen to minimize the distance between the rescaled curves (see SM of Ref. [92] for details). Interestingly, the overlap between the curves extends beyond the strict validity of the numerical precision, in the region of large truncation error (gray areas in Fig. 3) , and provides further indications of the correctness of the scaling. By comparing different fitting procedures we obtain that for α = 0.1, Ω c = 6.78 ± 0.16 and β = 0.51 ± 0.09, while for α = 0.3, Ω c = 6.6 ± 0.3 and β = 0.44 ± 0.09. These values are consistent with a universal scaling with the same exponent as in the integrable case, β = 0.5, but the large error-bars do not allow us to make a strong statement. Note that in one dimension there are cases of topological transitions at equilibrium with continuously varying critical exponents (see for example Ref. [102] [103] [104] ). To address this question it is necessary to improve the quality of the numerical method (we keep here only up to M = 30 eigenstates of the density matrix) by employing parallelized algorithms, which go beyond the scope of the present paper.
In conclusion, we find -in a many-body system -a low-entanglement Floquet state analogous to the ground state. We adiabatically follow it until a many-body Floquet resonance occurs: the low entanglement gives the possibility to numerically study non-integrable models by means of t-DMRG. We explicitly discuss the case of an integrable model where the many-body resonances are nonequilibrium phase transitions of the FGS. We see a strict analog of the K-Z scaling when crossing the highest of these transitions: this phenomenon allows us to identify a similar effect for moderate non-integrabilities as well. This is highly non-trivial, considering the high degree of folding and mixing of the Floquet spectrum of a driven interacting many-body system. We find that the integrable transitions have topological properties which should persist for weak interactions. The persistence of the critical behaviour for moderate interactions suggests the absence of many-body delocalization of the FGS. Although other parts of the Floquet spectrum may undergo many-body delocalization [56, 57, [60] [61] [62] 105] , our method does not give the possibility to directly observe it. Our results were obtained by means of limited resources [100] : the resulting uncertainty does not allow us to clarify what happens in our system for large interactions. Further work is therefore needed to see if the FGS itself can undergo manybody delocalization in our model and in other interesting 1d systems [56, 57, [60] [61] [62] 105] . * * * We acknowledge useful discussions with E. Berg, R. Berkovitz, E. Demler and R. Fazio. Research was supported by the Coleman-Soref foundation, by the Israeli Science Foundation (grant number 1542/14) and by the EU FP7 under grant agreement n. 641122 (STREP-QUIC). This work was not supported by any military agency.
